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Free and Forced Vibration of Closely
Coupled Turbomachinery Blades

Wen-hu Huang*
Harbin Institute of Technology, Harbin, China

This paper deals with the free and forced vibration of closely coupled turbomachinery blades on a disk which
are connected by elements forming a circumferentially continuous periodic structure that will be called a
rotationally periodic structure in this paper. A computational procedure for calculating the free vibration of
rotationally periodic structures with various types of connecting elements is obtained by a transfer matrix
method. The method of analysis for a packet formed by a finite number of blades is also discussed. The forced
vibration and the condition of resonance of a rotationally periodic structure under a time-varying periodic
excitation are studied, and a vibration design criterion is suggested.

Nomenclature

[41,[B),[C],[P] =submatrices of the matrix [V]

[B] =field transfer matrix of a connecting
element

IEL,IF],[G],[H] =submatrices of the matrix [B]

{F;} = force vector at cross-section j of a blade

i = -1

71 =identity matrix

K1 =stiffness matrix

K; =elements of [K ]

L] = flexibility matrix

Ly =elements of [L ]

m =number of nodal diameters of the mode
pattern

[M] =transfer matrix of the structure

"M MM, =moment components

N =total number of blades on the disk

n =total number of segments divided in a
blade

[N = point transfer matrix of a blade

p.t =number of blades in a packet

{q} = generalized displacement vector

{Q} = generalized force vector

R,S, T,M,N =nondimensional generalized forces de-
fined in Eq. (23¢)

UV,F,L,K =nondimensional generalized displace-
ments defined in Eq. (23b)

t. =pitch of blades

u,v,w =linear displacement components

VeV, V, = force components

X, .2 =coordinates

{ X} = state vector

& = flexibility

0 =angle on a disk measured from a reference
radius

0X,0y,ﬁz = angular displacement components

7 =2n/N

@, =natural angular frequency of the structure
corresponding to the mode pattern with m
nodal diameters

Superscripts

r =right-hand side

/ =left-hand side

Subscripts

i =number of blade in the structure
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=number of cross section in a blade
=number of harmonic of the exciting force
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Introduction

HE blades of a disk on the exhaust stage of a turbine are

usually connected in packets by elements such as lacing
wires and shrouds. Recently, the loose lacing wires and the so-
called Z-type lacing wires are sometimes used as connecting
elements so that the blades on the disk are connected in one
circumferentially closed structure. This closed blading
structure has certain advantages in avoiding blade resonance,
but the frequency spectrum and the vibration modes of such a
structure are rather complex and hence an appropriate
method for calculation of vibration is needed.

From the standpoint of mechanics such a structure is a
rotationally periodic structure, the essential elements of which
are a set of long twisted blades with variable cross sections of
complex form, connected by elements of various types. For
individual blades various methods of calculating vibration
have been developed by many authors, for example, Jerrett
and Werner.! Montoya? also developed a set of differential
equations for coupled bending and torsional vibration of a
twisted blade. This set of equations is used in this paper for
the calculation of the dynamic stiffness matrix of a blade. For
connected blades, Prohl? suggested a method of calculating
the free vibration of a banded group of turbine buckets. Deak
and Baird* developed a procedure for calculating the packet
frequencies of turbine blades. In their method the coupling of
bending and torsion of a blade is not considered, and the
order of frequency determinant is relatively high. As for the
rotationally periodic structure, Smolnickov’ developed a
general method for calculating its free vibration.

In this paper, the method of calculating the free vibration
of circumferentially closed blading as well as discrete packets
of blades is presented. In the calculation, the transfer matrix
method is utilized. In addition, the forced vibration and
condition of resonance of a closed structure of blades on a
disk under time-periodic excitation are discussed, and a
vibration design criterion of blades is suggested.

The Transfer Matrix Method for Calculating
Rotationally Periodic Structures

Mechanical Model

Suppose that on a disk there are N equally spaced blades
with similar vibrational characteristics (see Fig. 1). The
numbers of blades are designated by i(i=1, 2,..., N). The
blades are connected to each other by similar connecting
elements.

The long blades on the disk are beam-like structures. Let us
examine one blade, say blade i, and divide it into n segments.
The numbers of the cross sections of these segments are
designated by j (=0, 1,...,n).
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Fig.1 Mechanical model.

The linear and the angular displacements of the structure
are designated by wu,w,8,,0,,6,, and the corresponding
forces and moments by V,.V,,V,,M,,M,,M,. Because the
radial displacement of the blade is negligible, we may put
w =0 and do not have to consider the force V. Thus there are
five generalized displacements and forces which are
designated by { g} and {Q}, respectively.

The Point Transfer Matrix

Consider a nodal point on the blade i/ to which the con-
necting element is attached. The reactions from right-hand
side to the nodal point are designated by {Q} 7, and from left-
hand side — {Q}!. The reactions from the blade to the nodal
point are equal to [K] {g}, where [K] is the dynamic stiffness
matrix of the blade. Thus the condition of continuity of the
displacements and the condition of the equilibrium of forces
at the nodal point may be written in the following matrix

form:
g\’
{ M
QJ;

q I 10
(xy= {} M= P—n—»} ()
Q K |1

We have the nodal matrix equation
(X} r=I[NI{X}! (3)

Dynamic Stiffness Matrix of a Blade

The turbine blades of an exhaust stage are usually twisted
with variable cross sections of complex form. Therefore the
bending and torsional vibrations of a blade are coupled. The
vibration motion of a blade can be described by Montoya’s set
of differential equations which takes the form?

d
E{X]Z[S][X} C))

The dynamic stiffness matrix [K] of the blade may be
obtained by integrating the above differential equations. The
integration results in a relation between the state vector of
cross-section j; and that of cross-section j,

{X}jzz[R]fl’fziX}fl (5)
where the elements of matrix [R] may be calculated as

follows. At first, extend the matrix differential equation (4) to
the form

d
5 K1=1811X] ©)

where [X] is a square matrix. Then take an identity matrix [/ ]
as initial values of cross-section j,, that is, put (X1, =]
Integrate Eq. (6) by numerical integration such as a Runge-
Kutta method step by step from cross-sections j, to j, to
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obtain [X];,. The [X];, thus obtained is
[X]j2=[R]j,,j2[I]Z[R]jl,jz 0]

and thus the matrix [R];, ;, is obtained.

To derive the formula for the dynamic stiffness matrix [K],
suppose that the blade under study is clamped at the root and
free at the tip. The end conditions of the blade are

{alo=10}; (Q},=1{0} ®)

Suppose that connecting elements are attached to the blade at
cross-section j, so that we may suppose that there are external
forces {F;} acting at that cross section. Splitting the matrices
in Eq. (5) into submatrices and substituting the end conditions
of Eq. (8) into Eq. (5), we have

A | B 0
e
C : D J.n _Ff

Expanding these matrix equations and solving for {¢},
{q};=[LI{F;} =[B),,[D;,/[D); . (F}; an

where [L] is the dynamic flexibility matrix whose inverse is the
dynamic stiffness matrix [K]. The elements of both matrices
are functions of frequency w. Substituting matrix [K] into Eq.
(2), the point transfer matrix [N] may be obtained.

The Field Transfer Matrix

The field transfer matrix [B] is the transfer matrix of
connecting elements. The relation is

(X} i=BIX}_, (12)

The expressions of matrix [B] are different for different
types of connecting elements.

The Equation of Motion and Its Solutions

Combining Eqgs. (3) and (12), we have the transfer matrix of
the structure

[M] =[N][B] (13)
and the relation of state vectors is
{ X} =IMI{X}_, (14)

Since the structure is periodic and circumferentially closed,
after N transformations and multiplications we return to the
initial blade, so that the equation of motion for the structure
has the form

(IMIY =11 DX} = {0} (15)
The frequency determinant is
IIMIN~[I]l=0 (16)

For convenience of solution the identity matrix [/] is
written in its complex form3

U1=[1e?™ (m=0,12,...) (17
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Fig. 2 Curves for determining frequencies.

where m is an integer indicating the number of nodal -

diameters in the pattern of vibration modes.
Designating
¢o=21/N (18)

then from Eq. (16), we obtain a series of frequency deter-
minants

H{M1 =[] ]em™e| =0 19
where
m=0,1,2,...,(N/2) — 1 (for even N)
m=0,1,2,...,(N—-1)/2 (for odd N)

Frequency determinants of Eq. (19) are complex. Ex-
panding the determinants and separating the real and
imaginary parts, we have

Y(w)+iZ(w)=0 (20)

or
Y(w)=0 or Z(w) =0 21

For every m and for a series of values of w, we can calculate
the function Y (w) and plot the curves Y-w. The intersections
of these curves with the abscissa give frequencies for various
vibration modes (see Fig. 2).

Some Practical Applications
The method described in the previous section has been used
to calculate vibration frequencies of blades of a 600 mW
turbine, a 100 mW turbine, and other rotationally periodic
structures. Here we give some simple examples to show how
the method is applied to practical structures.

Circumferentially Closed Structure of Blades Connected by Loose
Lacing Wires

Suppose that the lacing wire is loosely attached to cross-
section j of the blades (see Fig. 3). The lacing wire is con-
sidered as a continuous beam. When the disk rotates, the
centrifugal force produces a friction which prevents relative
sliding motion between blade and lacing wire. Thus the
connection between blade and lacing wire may be considered
as hinged, so that there is no moment at the points of con-
nection:

M,=M,=M,=0 2)

In the following, we introduce a state vector in its non-

dimensional form:
q
{X}={~} (23a)
0
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Fig.3 Loose wire connection.

where
U\ Fu/[W
V v/l
(g)={F}y =186, } (23b)
L -0,
KJ - 0y J
(R IV,
S w,
{Q}=+~ T ! M, (23¢)
= = — <
Q El, | = ¢
M M,
kN gMy/

where / and El, are characteristic parameters of the blade.
From Eq. (22) it follows that

M;=N,=T,=0 (24)

Equation (11) relating the dynamic flexibility matrix of a
blade becomes

M
1V
{a};= < F ¢ =ILI{F};

L
K,

[_L” le * % x| ij w

L21 L22 o SJ

_ * * ook ST (=0) T (25)

. s s s M;(=0)

s e | =0

where the symbol (*) denotes the elements that need not be
calculated. It means that Eq. (25) can be reduced to

G- 16
vV, L, L, S);

Then we can obtain the matrix of dynamic stiffness of the
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Fig.4 Hinged wire connection.

blade by the inverse of the matrix of flexibility

N J LZI L22 |4 J K21 K.?Z 4 ]
@7

Substituting Eq. (27) into Eq. (2) we can obtain the point
transfer matrix of the blade, and the frequency spectrum and
the vibration modes can be solved by way of the method
described in the previous section.

Circumferentially Closed Structure of Blades Connected by Hinged
Wires

If we neglect resistance of the wire to bending in the
previous example, then the lacing wire may be considered as
segments of wires with hinged ends (see Fig. 4). Equation (25)
becomes

(U\ [ =* * * ok k) (‘RJ (20) I
Vv * L22 * ok % Sj
F\ = * * * k% 7‘] ( 20) L (28)
L * * *  * % Mj ( ___o)

K, Lt o Wi=0) )

And the point transfer matrix is reduced to

V- Ak 1 01 (V!
AL T A
S ); S ), (I/Lyy 1 | LS ),

The field transfer matrix is reduced to

TR

where 6= (t./EF,) (E10/13) is the tensile flexibility of the
wire.
The transfer matrix of structure is

1 )
M]=[N][B]= { }
(1/L,,)y 1+ (8/Ly)

The frequency determinant of Eq. (19) becomes

1—eime )

|[M] - [eime | =

(I/Ly) 1+ (8/L,,) —eme

=eime — (2+46/Ly)e™ +1=0 31

B L”S %

¢

Fig.5 Loose Z-type wire connections.

The frequency equation is
8/L,,= —4sin? (mm/N) 32)

Borishansky® derived the frequency equation of a cir-
cumferentially closed structure composed of uniform rods
connected by springs. He solved this problem by means of
equations of finite differences. His result may be considered
as a special case of Eq. (32).

Circumferentially Closed Structure of Blades Connected by Loose Z-
Type Wires

The diagram of the structure is shown in Fig. 5. C,, is the
coordinate system of the blade and C;, the coordinate system
of the wire, where C is the center of rigidity of the blade.

In the coordinate system of blade C,

M,=M,=0, or M;=N,=0 33)

In the coordinate system of wire Cy,
R.,=M,=N,=0 (34)

In the coordinate system of blade C,,, Eq. (11) becomes

Xy

a (L Ly L ** ] (R
|4 Ly Ly Ly ** S;
{gy;j=< F ¢ =|Lsy Lz Ly * * T;
L * * * o M; (=0)
ST R G
(3%

For the transformation of coordinates from C,, to Cy,, we
introduce a coordinate transformation matrix [A] as

cosB —sin8 0
[A]= | sinf cos@ 0 (36)
0 0 1

Then for the center of rigidity C of a blade it gives

U; L,, L, Ly R, (=0)
v, =IN"IL; Ly Ly | [N <S8,
F e Ly Ly Ly T c
x s " R, (=0)
=|* 1, Iy S, (37
Ly s r c
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so that Eq. (37) reduces to

V. Ly, 1y S,
= (38)
FJc I35 I3 T J¢
For the transformation of displacements and forces from

center of rigidity C to points of attachment A and B of Z-type
wire, considering the equivalence of displacements and forces

in plane motion, we have .
S } { "B
/
—~1 V,, A

Mk
F ). 5|1
S A

= (39
T )¢ S 55 S;A

where s; and s, are the distances shown in Fig. 5, and

§,=s,/l; §,=s,/l; $§=§,+5,

[ is the characteristic length. Substituting Eq. (39) into Eq.
(38), we have

v, )’ .\ [ Ny N v, !
=[MN] = (40)
S, Js S, Ja Ny N S, Ja
where
Ny =Up+8;Us+1y;) +5505;) /A
Ny =y =5, (U3 +155) +5355) /A
N12=5-2(122133—123132)/A
Ny =1/A
A=ly+5,l55—S5l5,— 85,5515

The field transfer matrix is similar to that in Eq. (30)

v, v, 16 (V"
B SR 10
Sn A, Sn Bi-1 01 Sn B,i—1

Finally the frequency equation is obtained as follows

8485255 +5(15,+15) =—4sin2i"17" (42)

L+ Sl =83l —5,8,15

Cross-Closed Packets of Blades Connected by Loose Wires

The structure is shown in Fig. 6 with the notation involved.
The wires are considered as hinged segments.

Since there are two rows of wires attached to cross-sections
i and j of the blades, respectively, the matrix of dynamic

Po Pot! Pﬁt Fotte! /%*/D

et

Fig. 6 Cross-closed connections.
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stiffness is extended from Eq. (28) to the following form:

Ly Ly
KLxo=1) . 43)
Ly LY
and the point transfer matrix is then represented as
110
Mg = ===~ (44)
K I
The field transfer matrix is extended from Eq. (30) to
1 | 6;
1
[Blyxs= |-~ o (4%
0 1
L

Then the transfer matfix of structure may be calculated by
[M] s = INIIB] (46)
The end conditions are
(S)bye1 =0 ()50 =0 @7

where S is defined by Eq. (23¢).
From the recurrent relation it gives

i
Vi’ V;
V; I 0 V;
Z[]w]t—l ___,‘I____
S; K |1 0
0 P+t Sj < pg+1
r l
ap ap A Ay Vi
dy; 4y 4y 4y v
= < (48)
az; 4z dz; iy 0
Ay 4y Gy 4y ij po+1

From the fourth equation of Eq. (48) we solve for (V) éo+1 :

a a
! . ! . /
(Vi)p0+l*‘ a (Vj)p0+1 (Sj)p0+1
41 ay

Substituting this into Eq. (48) leads to

r !
a,a a,a
1192
( Vi ap— 7 e V;
_ a4 a,
as,a aa
31942
S; Agp=——, Q34— 24 S;
a4 a4
po+i po+1

V.0! 1 5. V-r
=M]{j} =m1{ ’}{’} (49)
SJ' po+1 0 1 Sj pPo

The additional end conditions are

(Sj)£10+t+1=0; (Si);0+p=o (50)
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Fig. 7 Finite packet of blades.

From the recurrent relation

Vi)’ v, !
14 I .
J _[M]p—t-l ____:_E)A_ Vj

0 K |1 S;

Sj potp 0 potit+l
bII b12 b13 b14 Vj !
b21 b22 b23 b24 Vj

= (51
b31 b32 b33 b34 Si
b4l b42 b43 b44 0 pot+i+l

We solve the third equation of Eq. (51) for (I/j);,0+,+; and
substitute it into Eq. (51) which is reduced to

r !

baybs bybs;
v, by, — 220y 0205 2
O B L R L
b,b b,b
S; by — %’ by~ ;)2 2 S;
po+p 32 32 po+t+!

v, 1 8, viYr
A
Si po+i+1 0 1 Si pott+l

Combining Eq. (49) and (52) we have

Vi Iy 18 (v
{ } =[B] [ (4]
S Jpyin 0 I 0o I Si J
v,
=[C] { } (3)
Si J

€ Cp2
[C]=
Ca €22

The frequency equation is

where

C; +Cy—2=—4sinmpn/N (54)

The Packet Consisting of a Finite Number of Blades

Suppose that there are p similar blades connected by welded
lacing wires (see Fig. 7). We apply the method of dynamic
stiffness to this problem. The equation of equilibrium of
forces for blade i + 1 is

(O} =10} +KI{a) sy (35)
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Equation (12) for lacing wires may be solved and rewritten in

the following form:

{0}, =[Gllq}; +[Hllq},,
(Q);7 =IElg}), +1Fllq}i, (56)
Substituting Eq. (56) into Eq. (55), we have
(@15, =IGllg}); + ([H1+[KD{q},y,
(Q1] =I[Elq}+[Fl{q}.y, (57

The end conditions for a finite packet are that the external
forces at the extreme blades be equal to zero

(oli=to}; tQj, =10} (58)

Utilizing these end conditions, we can obtain a recurrent
relationship between displacements and forces as follows

(0)i=1Z)a),
(2= GIIZ,_, —E} ' [F) + [H] + [K] (59)
For the last blade
(Q);=12,1(a}, = (0) (60)

The coefficient determinant must equal to zero, thus we
obtain the frequency determinant

1Z,1 =0 ©1)

Conditions of Resonance for a
Circumferentially Closed Structure of Blades

Derivation

In actual turbomachinery, there are unavoidable fluc-
tuations of pressure on the circumference of the flow channel.
When the disk rotates, blades on the disk will be exposed to
time-periodic forces owing to the fluctuation of the pressure.
These time-periodic forces may be resolved into harmonics
whose frequencies are integer multiples of the angular velocity
w (in rad/s) of the disk. Let us examine one of these har-
monics, say the kth harmonic of the exciting forces which can
be expressed as follows

P, (6,1) = P,sink (wt +6) (62)

where 0 is the angle on the disk measured from a reference
radius.

The vibration mode of a closed structure of blades with m
nodal diameters corresponding to natural frequency w,, may
be expressed as follows:

X, (0,t) =—A, cos(w,,t+m8) (63)
The condition of resonance of the blades is that the exciting
forces are able to do positive work and then to transmit

energy to the blades. The work done by exciting forces on
vibrational blades in one period is determined by

2r pT a N
W= S S P (0,t) =X, (8,t) —dedb
0o Jo (0.0 ot m (6:0) 27
2% T N
= SO SO P, sink(wt+0)w,A,sin(w,,t+mo) i drde
s

_{wNPkAm (for m=k and w,, =kw) 64)

0 (for m#k or w,, #kw)
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Fig. 8 Rotating bladed disk model.

Table1 Parameters of rotating model

Radius of disk R =200mm

Height of blade /=250 mm, /; =240 mm
Width of blade b=40 mm

Thickness of blade h=4mm

Number of blades N=60

Setting angle B=30deg

Pitch of blades t,=39.9mm

Type of connection Z-type loose wire
Angular velocity of disk w=(15~25)X 27 rad/s

Hence we see that the condition of resonance for a cir-
cumferentially closed structure of blades consists of two
points:

1) The natural frequency w,, of the structure with the mode
pattern of m nodal diameters should equal the frequency kw
of the kth harmonic of exciting force, that is,

@, =k (65)

2) The number of nodal diameters m should coincide with
the number of harmonics k, that is

m=k (66)

In brief:

w,/w=k=m (67)

As these three quantities must coincide with each other,
hence this condition of resonance may be called ‘‘the triple-
coincidence condition.”” The condition of avoiding triple
coincidence may be suggested as a vibration design criterion
for blades of this type.

The above conclusion is based upon the assumption that all
blades and connecting elements have similar mechanical
properties so that the structure is a periodic one. But actually
the natural frequencies of blades on a disk usually fluctuate
around a mean value. Hence the energy can be transmitted to
blades with conditions w,, =kw and m#k. But since the
values of fluctuation of frequencies are usually small, the
vibrations of blades with conditions w,, =kw but m#k are
very weak. A vigorous vibration of blades can occur only in
the case of the triple-coincidence condition.

Experiment on a Rotating Model

To verify the above conclusion, an experiment on a rotating
bladed disk model was performed. The model was specially
made for this purpose. The structure of the model is shown in
Fig. 8 and the parameters of the model in Table 1.

The results of experiments are shown in Fig. 9. Because the
angular velocity of the model disk is relatively low, and the
natural frequency of the blades is relatively high, we can get
resonance only in the case of k=10~ 15. It shows that the
calculated results coincide with the measured ones.
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Fig. 9 Campbell diagram of model disk showing calculated and
experimental results.

Conclusion

The method presented in this paper for calculating
frequencies and mode shapes of circumferentially closed and
unclosed structures of blades can be adopted in turbine
design. The condition of resonance of a closed structure of
blades on a disk under time-periodic excitation analyzed in
this paper has been verified by experiments. The criterion
suggested for vibration design of blades is proved to be
reasonable for turbine design.
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